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On the Focal Surfaces of the Congruences of Tangents 

to a given Surface. 

By A. Pell. 



§1- 

Consider a surface (2) referred to its lines of curvature u and v. For 
brevity we shall call the M-line and the w-line those lines for which v = const, 
and u = const, respectively. The axis of x is tangent to the w-line and drawn 
in the direction of the increasing arc ; the axis of y is tangent to the v-line, and 
its direction is such that a rotation around the axis of z, bringing the je-axis into 
coincidence with the ?/-axis, is represented by a line directed along the positive 
part of the s-axis. The direction of the a-axis is that of the normal to the 
surface. 

Using Darboux's notation, we have for (2) the following formulas :* 



— n 1 ^ E — 1 d ^ G /—A / — n 



(i) 



Here £, y;, £ and £ lf v\ x , ^ are the components of the velocity of translation of 
the origin of the movable axes relatively to these axes when u or v vary respec- 



*Darboux, " Theorie generate des surfaces," vol. II, p. 
14 
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tively, and p, q, r, p x , q lt r x are the rotations around the axes, the first three 
when only u varies, the last three when only v varies. 

Then calling p x and p 2 the principal radii of curvature of the w-line and the 

v-line respectively, we have 

s/E V Gr / 9 \ 

Pi — > P2 • \ l ) 

v q, * Pi 

Further, let h x and h 2 be the principal radii of curvature of the u- and the v-lines ; 
Ti and m 2 their radii of torsion ; B 2 and B x the radii of geodesic curvatures, 
directed along the positive parts of the y and the x axes respectively. For 
these radii we have 



r = 



s/E _ s/G 



n=-^, (3) 



and since 

^=-p = 0; ^ = -q 1 = 0, (4) 

where t x and t % are the radii of geodesic torsions of the u- and the tj-lines respec- 
tively, we have 

(5) 



1 l dmi 1 1 dm 2 

t x sj E' du ' t % */Gr' dv ' 

Here va x and ve 2 are the angles between the radii of principal curvatures of the 

surface (£) and the segments h x and h % . 

We have 

h\ = 0\ cos v>i , h 2 = pa cos va 2 , 

h x = B % sin w x , h 2 = B x sin va 2 > 



h\ ~ B\ i ~ pf ' hi B\ "*" pi 



(6) 



§2. 

Our consideration of the focal surfaces of the congruences of the tangents to 
the lines of curvature of the surface (2) , is based on the following two theorems 
given by Darboux* and Koenigs.f 



* L. c. vol. Ill, p. 121. 

tG. Koenigs, "Sur les proprtetes infinitesimal de l'espace r6gl6," Ann. de l'6cole norniale, etc. 
1882, p. 248. 
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Theorem I. — The locus of the centers of geodesic curvature of lines of curva- 
ture of any surface is the edge of regression of the developable surface, generated 
by the tangent planes of the surface at all points of the lines of curvature. 

This theorem shows that the distances between the point M of (2) and the 
corresponding points M' of the focal surfaces under discussion are : for the family 
v= const., By, and for the family m = const., B z . 

Theorem II. — The edges of regression of the developable surfaces of a con- 
gruence form two families of curves on the focal surfaces (say 8 A and 8 B corres- 
ponding to the focal surfaces A and E), the osculating planes of which are 
tangent to the surfaces B and A respectively, and the points of contact describe 
on these surfaces two families of conjugate lines 8 A and 8 B . 

This theorem states that the osculating plane of it-line is tangent to the 
focal surface (£i) and that of the t>-line is tangent to (# 2 ) ; and further, that the 
normals to these surfaces are parallel to the binormals of the u- and v-lines 
respectively. 

Hence the study of the focal surface (8^ of the congruence of the tangents 
to the M-line can be reduced to the consideration of the motion of a trihedron 
formed at the center of geodesic curvature of the «-line by the tangent to the 
«-line, the line parallel to the segment h x and the parallel to the binormal, drawn 
in a suitable direction. The motion of this trihedron we are going to determine 
from that of the trihedron formed by the tangents to the u- and the w-lines and 
the normal to the surface (2) . 

The study of the motion of the trihedron formed at the center of geodesic 
curvature of the w-line by the tangent to the v-line, the parallel to h 2 and the 
parallel to the binormal of the w-line, will give us means of discussing the focal 
surface (8%). 

Let us call the trihedron connected with the surface (2), T. Consider a 
point (x, y, z) connected with this trihedron. The projections Sx, hy, Sz on its 
axis of an infinitely small displacement of this point are : 

Sx = dx -f- v'-E' du -f- zqdu — y (rdu + r^dv) , \ 

8y = dy + is/ G dv 4- x {rdu + r^dv) — zp x dv f V (7) 

$z = dz + yjp! dv — xqdu.) 

Suppose now that this point coincide in the first place with the center of geodesic 
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curvature of the w-line (x = B lt y = 0, 2 = 0), and in the second place with that 
of the w-line (x = 0, y = R 2 , z = 0) . We know that 

VEdu = ds 1 , V Gdv = ds 2 , 

s x and S.J being the lengths of the arcs of the u- and the v-lines respectively. The 
above displacements take the form 

for (/Si), 

&c 2 = — R 2 r x dv , 
8y 2 = dR 2 + ds 2 , 
Sz 2 = R 2 pidv . 



for(^), 

Sx t = dR x + ds-L , 
hy-L = Ri rdu , 
hzx = — E x qdu , 



Substituting for r, q, r x , p lt their values, we get 

8x x = ^i^ + ds x , 5a; 2 = 



R, 



ds« 



fyi = -jr <foi 
5«i = — - ffoi 



8y 2 = dR 2 +ds 2 , 



8zt = 



R« 



ds« 



Pi p 2 

These displacements are with respect to the trihedron (T). Codazzi's formulas, 
as given in Darboux's " Lecons, etc.," require that the tangent plane to the 
surface contain the axes x and y. But according to theorem II, the osculating 
plane of the w-line is tangent to ($,) at the corresponding point ; that of the 
#-line is tangent to (iS 2 ); therefore we must find the values of the projections of 
the above displacements on the axes of the trihedrons (7i) and (T 2 ) formed as 
stated above. The rotations of (Tj) and (T 2 ) are obtained by compounding the 
latter and the rotations through the angles m x and w % around the axes x and y 
respectively. 

Following is a table giving the direction cosines of the new axes and the 
old ones. 





x 1 


2/ 


z 1 


x" 


y" 


z" 


X 


1 








sin m 2 





COS w 2 


y 





sin «! 


COS «! 





i 





z 





cos vs x 


— sin rar x 


COS us % 





sin w 2 



of Tangents to a given Swrface. 



105 



Hence if hx[, hy[, hz[ and hx%, 8yi', 8z' 2 ' are the displacements with respect to (7i) 
and (T 2 ) respectively, we have 

8x[ = &X! cos (xx 1 ) + hy^ cos (yx') + 8tf cos (zx) = Sx lt 
hy[ = hyi sin « x -+- <$% cos w x , 
&z[ = Sz 1 cos m x — h% x sin &i , 



and after substitution, 



hx[ = dR l + ^1, 
8z[ = o 



<fyi = -^ i<fo i 



for(^). 



(8) 



and 



&»£' = -j^ ds z , 
hy'% = dR % -\-ds%, 



for($). 



(9) 



These projections we could have obtained at once by remarking that, for 

example, the focal surface ($) can be generated by the motion of the trihedron 

( 7\) along the w-line, and then considering in the formulae for the displacements 

v as a variable parameter. In this case we have 

For (71), " 

dv = 0; l E,du=-ds 1 ; v\ = , £ = , 



1 n ! 

p = — — , g = 0, r = 



For(2i), 



*i 



<&4 = 0, 7iidv = ds % , ^ = 0, £! = (), 
1 1 



i>l=0, ? X = 






TT 2 ' ^ 

The projections of the displacements on the axes of a, y, z now are: 



$x{ = dx j- . dsi + ds x , 



%i= dy + (-|- + -~J ds lt 



(10) 
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8x1' = dx+ ( — + -f- ) ds 2 , 



x 






(11) 



8zlj = dz-\ ds%. 



J 



Applying these formulae to the points (B lt 0, 0) and (0, B 2 , 0), we get 

Sxi = dB x + ds 1 , 
8y{ = j±. ds lt 



and 



8z{=0, 
8x2= -=^-ds % , 

81/2'= dB % + ds % , 
84' = 0. 



(12) 



§3- 

The expressions for the linear elements of the arcs ds[ and ds'% of the focal 
surfaces (#1) and (# 2 ) are : 



Hence, for ($) , 



and for (S 2 ) , 



dtf = 2fe" 2 = {dB % +'ds,y+ ^-ds\. 
ov \ ou / 



(13) 
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These formulae have been obtained by Professor Craig, who also deduced by aid 
of them the theorems stated by Darboux (1. c. vol. Ill, p. 122), that the only 
surfaces whose lines of curvature have their geodesic curvatures constant, are the 
surfaces of revolution, the cones, the cylinders and their transformations by 
inversion. 

The angles cc x and a 2 between the lines u and v on the surfaces (/Si) and (S 2 ) 
are given by the following formulas : 

du . R^*/ E 

cos ai = VW, ' sinai== 7wW^ 

(J-ti% | try 

dv ■ R 2 *>/ Gr 

cosa * = VG Z > sina ° = WGT 

To find the velocities of translations we use the formulas 

£ K =VE K . cos to, , yi k = */E K . sin rn K , 
£P =*/G K . cos n K , V [ K) —*/G K . sin n K , 
where 

n K — m K = a K . (x = 1 , 2) 

Now for (/Si) the axis of cc is tangent to the ■y-line, hence n x = 0, m x = — a x ; 
for (# 2 ) the axis of y is tangent to the w-line, i. e. m % = -— - , so that 

cos m x = cos «j , sinTO! = — sinaj, cos% = l, sinn 1 =0, 

cos»i 2 = 0, sinTO2 = — 1, sinn 2 = — cosa s , cosra 2 = sin a 2 . 

The translations are : 
For (21), 



For (70, 

du 



^ )=0 . yi (v = _2R2 . fffl> =0> 
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§4- 

Returning now to the linear elements ds 1 and ds 2 , we see that by making 

in (13) 

Mi -f- Si — Qfi , zi 2 + s 2 = (f) 2 1 

we can write them as follows : 



i. e. the lines 



ds[ - 


= dQ\ + 


"If dSl ' 


ds 2 : 


= dQl + 


7? s 

'*3 


Ri 


+ «!=( 


ionst., 


R 2 


+ s 2 = const., 



(14) 



are respectively the orthogonal trajectories of the geodesies 

s 2 = const., 

s 2 = const, 
on the surfaces (/Si) and (/Sa). 

From the above expressions of ds'x and cfea" we also see that all the surfaces 

for which either 

R-i R 9 

— i. or — - 

h h 

is expressed by the same function of R x + s x and s t , or R 2 + s 2 and s 2 have the 
corresponding focal surfaces applicable to one another. 

If, moreover, this ratio is a function of R x + Sj or R 2 + s % only, the corres- 
ponding focal surfaces are applicable to surfaces of revolution. 

Another interesting case arises when we have, say 

h 1 = f(R 1 ). 
Then taking the expression of the linear element in the form 



<K = (dR 1 + dstf + (J^jdsl 



we get 



ds'y — dR\ + 2dR 1 ds 1 + (l + Mp)*) ds\, 
then l + (*L)=F{R 1 ), 



of Tangents to a given Surface. 109 

and <fef = dB\ + 2dB l ds[ + F(E 1 ) ds\. 

Taking F(B 1 ) outside of the parenthesis, 

v "LWj^)/ v^ca) vf(b 1 ) 1 'J' 

and making 
we get 

<fof = [^y w + ^ (^o *i ^i + <&? * 

x [cfoi + (4> (#0 - »v 1-^(^0) ^i] • 

Putting now 

ds 1 + ($ (i?0 + Wl—<f(R[)) dB[ = rfa , 

d Sl + ($> (i^O — »Vl— #(fl{)) ^ = ^ , 

we get 

cfof = 4- (a , j3)dad(3; 

which shows that a and /? are isometric lines of the focal surface ($) . This family 
of isometric lines we can find by quadratures. Namely, 

a = si+f[<l> (B[) + Wl—tf(B[J] dB[ , 

fi= Sl +f\$ {B[) — is/l—<}?{B[)-\ dB{ . 

Thus we see that in this case the determination of isometric lines on the surface 
(aS'x) is reduced to quadratures. 

To determine the function 4* (<*> ft) we subtract the expression for d(3 from 

that of da and get 

da — d(3= 2W 1 — $ 2 (2JQ dB[ , 
and consequently 

a — (1 = 2ifs/l—<p z (Bi) dB{. 

This gives jBj as a function of a and /?. Therefore the determination of the 
function ^ depends on a quadrature. 
15 
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Again, writing 
and making 
we have 



W = arm K* 1 + ♦ V® dB[ y + dBi * b-f ( R W ' 

ds x + 4> (Ri) dR[ = dui , 
(l-^{R[)) i dR{ = dv 1 , 

ds'i = -~- [du\ + dvf] , 
"1 



where F x is a function of v t only. 
Make 1 



W, 



dvx = dv\ X , 



ds'i = dvu + -w- <&*?• 



?n 



Hence, the lines i«j = const, and v u = const, constitute also a system of isometric 
lines, and the focal surface (/Si) is applicable to a surface of revolution. The 
curves u x and v x can be obtained by quadratures 

u 1 = s 1 +f<p(R{)dRi, 

v 1 =f(l-^(B' 1 )ydBi. 

The peculiar character of the expression 

ds[' = dR\ + 2dR 1 &! + (l+ (-^J) ds\, 
in case A x =f(R 1 ) , 

namely, that the coefficients of dR\, dR 1 ds l , ds\ depend only on R lt gives us a 

chance to determine all the geodesies of (/Si). (See Darboux, 1. c. vol. Ill, p. 2). 

We can take 

6 = cs 1 + ^ 1 (R 1 ), 



'here 


fr{Ri)=J G 


i + Jh. 

+ h\ 


R\ 

h\ 


- dRi, 




= const. 


represents the orthogonal trajectories 

dO , 
dc- = G ' 


of the 


geodesic 


lines 
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This gives us 



h+J 



1 — 



ffi 



M 



1+ 



A?" 



ft 2 
1 +=11- 



dtty, 



and thus the determination of the geodesic lines on ($) is reduced to a quadra- 
ture. 

Since V 1 = Q?(Rl) depends exclusively on the form of the relation h x =/(B 1 ), 
we conclude that if we have a series of surfaces (2) for which h x is the same func- 
tion of B lt the focal surfaces ($) will be applicable to one another and to the 
same surface of revolution. 

Another interesting case is when 

*i=/(«i)t 
i. e. \ is constant along the line s x = const. Then the focal surface is a develop- 
able surface. Because 

R\ 



ds'i = ds\ + dR\ + 2dR 1 ds 1 + 



or 



<fof = (ds 1 + dR x y + 



R\ 



[/(*i)] ; 



ds\, 



Making 



ds 1 + dR 1 = dv lt 



,dsl 



f 



ds x 



= Di, 



/(•i) 
we have <fej' = <fef + (^ — U[f d Uf, 

where U{ is a function of U x only. Further on we shall prove that ($,) can be a 
developable surface only when the w-line is a plane curve. Hence we conclude 
that Ai can be a function of the arc of the line of curvature only when this line 
is a plane curve. As an example we take a " surface moulure " defined by the 
equations 

a; = aZ7cos — + / Fsin — dv, 

a J a 



y =. all sin / 



V cos — dv , 
a 



cPWdu. 
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Here U and V are respectively functions of u and v only and a is a constant. 
For the element of length we get 

ds* = du? + (U— Vfdv* 

and u = const., v = const. 

are the lines of curvature of this surface. Here 

E=l, F=0, G=(U-V) S , 
1 1 dO u> 



By ~ 2G^E du U—V^ 



1 _ ft - E — *Sl — U* 

„ o „ (u—vy 

p2 ~~ N ~ */l—U'* ' 

W ^ ere T — U" AT K TTW TUT r, 

are the 2 nd fundamental coefficients of Gauss. Hence 

1 _ 1 _ W" _., V 

If ~~o\ ~1— U li ~ JKUh 

and since s 1 = u, we have 

hl = f( Sl ). 



The focal surface will be a developable surface. Its linear element is 
or making 



«fo}= [d(u+ B 1 )f + M^.du\ 



/U" 
. _., du = arc sin U' = Z, 
vl — U 

we have ds\ = df + (t — F(Z)fdZ. 

To finish this subject, we prove a theorem suggested by a note of T. Caronnet.* 

*Th. Caronnet, C. R. 1892, "Sur les centres de courbure geodesique." The following proof is 
identical with the one given by Caronnet. 
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We are going to prove that if there exists a relation 

then the lines connecting the centers of geodesic curvature of the w-line with the 
corresponding centers of principal curvature of the v-line, form a congruence of 
rays normal to a surface. 

To prove this we consider our surface (2) as generated by the motion of a 
trihedron formed by the tangent to the w-line, its normal and binormal. Con- 
sider the points (B x , 0, 0) and (0, A 1( 0) and imagine a straight line through 
those two points. Any point on this line is represented by the following coor- 
dinates : 

x 1 = B 1 — a. Bl 






*i = 0, 

a, being the distance from (B x , 0, 0) to (x lt y lf Zi). 

Consider the displacements on the axes x, y, z of the point (x, y, z); they 

are 

dxi + V Edu + % (qdu + q 1 dv) — y x (rdu + r x dv) , 

tyi + */ Grdv + ajj (rdu -+• r x dv) — % (pdu + pidv) , 
dz 1 + + y x (pdu+ Pidv) — x x (qdu + q x dv) . 

In order that the point (x x , y x , %) describe a surface to which the line above- 
mentioned be normal, the angle between the displacement of (x lt y lt z t ) and 
this line must be a right angle, whatever be du and dv. The direction cosines 
of our line are 

B x \ 

VBl + h\ ' VBj + hi 

Consequently 



0. 



7? 

, p8 = j % [dx x + sTEdxi + z v (qdu + q x dv) — y x (rdu -\- r x dvj\ , 

/ m j_ 7,2 [%i + ^ Odv + Xi(rdu + r x dv) — Zi(pdu + pidv)] = 0, 
■v Bi -f- h\ 
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and since this equation holds for any du and dv , we get 

B x dx — h x dy=. . (15) 

But j _jp o hldRi — RJiidhx Ridh 



, _ Eldhx — h 1 R 1 dR 1 , t 



fa 



(Rl + hlf ~^ lm VRl + hf 

and the above condition becomes after a few reductions 

\dR\— VR\ + K(.d^ = 
and d% _ dR\ 



WR\ + h\ 

Thus we see that a, can be determined only when R x is a function of h lt In this 

case we can write 

dR\ 



* V VRl+fW 

and this determines the point which describes the required surface. Conversely, 
if the above-mentioned lines form a congruence of normals to a surface, the equa- 
tion (15) holds and 

Ri = f(h)- 
Keturning to the expression 

ds? = dql + ~i-ds\, 

we see that the linear element of the focal surface depends only on the ratio 

R 

^L . If for example 

1 7? 

where Q x and S x are functions of q t and s x respectively, the generated surface 
(/Si) is a " surface moulure " and 

q 1 = const, and s a = const. 



of Tangents to a given Surface. 



115 



are the lines of curvature of (/Si) . 

Again, if R, 

h 

where m is a constant, we obtain a developable surface, and as previously 
remarked, this may take place only when the corresponding lines of curvature 
are plane curves. 
If we suppose 

we shall have for (S{) a surface of revolution whose total curvature is constant. 



We pass now to the elements of the 2 nd order of the focal surfaces (/Si) and 
(/S 2 ). We must find the rotations p', q 1 , p{, q[, r[ of (/Si) and p", q", r", p{', q[', r[' 
of (/Sg). We know that if a, b, c and the accented letters are the direction 
cosines of the movable axes with respect to the fixed axes, according to the table 





X 


Y 


Z 


X 


a 


a' 


a" 


y 


b 


V 


b" 


z 


c 


d 


c" 



(X, Y, Z are the fixed and x, y, z the movable axes), then the rotations are 
expressed by the formulas 

„ db ~. da v«7 da 



~ db v da v . 



da 
dv 



We have already remarked that in order to pass from (T) to (Tj) or.(T 2 ) we 
must rotate the trihedron (T) around the axes x and y through the angles jb x 
and w % respectively. 

The following is a table of direction cosines of the movable axes x, y, z 
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with the fixed axes and with the axes x', y', z' , x",y", z" of the trihedrons 
(7i)and(r 2 ): 





X 


7 


Z 


x' 


y' 


z' 


x" 


y" 


z" 


X 


a 


a' 


a" 


1 








sin w % . 





COS w 2 


y 


b 


V 


b" 





sin va x 


COS m x - 





i 





z 


c 


d 


c" 





COS a*! 


— sin ve 1 


COS nr 2 





sin w % 



Hence we can write 

cos (Xx 1 ) = a , cos ( Yx') = a', cos (Zx 1 ) = a", 

cos (Xy 1 ) = b sin & x + c cos w 1 , 

cos ( Ty') = V sin n^ + d cos »! , 

cos (Zy 1 ) = 5" sin o^ + c" cos ®! , 

cos (Xz') = 5 cos zz>i — c sin wj , 

cos ( Yz') = V cos rcr x — c' sin w x , 

cos (iTz') = b" cos tSi — c" sin ® a , 

cos(Xa3")= a sin * 2 + c cos ® 3) 

cos ( Fa/')= a' sin to % -f- c' cos zz? 2 , 

cos (Zx") = a" sin m 3 -|- c" cos w 2 , 

cos (Xy") = b, cos ( Fy") = V, cos (%") = b", 

cos (-Zz") = — a cos w 2 + c sin w 2 , 

cos ( Yz") = — a' cos a% + c' sin to % , 

cos (^2") = — a" cos a* 2 + c" sin w 2 . 

We can now write the expressions for the rotations. Namely, 

. ~ dbi , dw\ 

* =^a%=P + ^' 



p{ =fr + 



dv 
da 1 



q' = — 2e x -=J = — (r cos rtti + q sin a^) , 

q{ — — (^ cos *»! + ft sin tzrj) , 

/ = 2&i -r-i = r sin tzr x — ^ cos o^, 

r i == r i sm w i — ft cos tb x . 



And similarly, 
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p" = r cos rar 2 + p sin to 2 , 
p'{ = r x cos tzr 2 -f Pi sin a 2 , 

*" = * + &• 

r" = r sin ro 2 — J) COS or 2 , 
*g' = r l sm w 2 — ^>i COS nr 2 . 

Introducing in these formulae the values of p, q, r, p x , q x , r x , cosn?!, sin*!, coso* 2 , 
sin xs % , we obtain the following table : 

/ , dvi\ i h-i */ Gr 

pi = Pi + ^r - 9x = -jrr- > 

ov M x pi 

h x R x R z 

CM CW <T 2 

„ hats/ E ,, */ G 

t = ,; w , r, = — 



R X R% h. 



'2* 



Still following Darboux's notations according to which the 2 nd fundamental coeffi- 
cients of Gauss, L, M, iV'are given by 

A A A 

where the Z>'s are given by the equations 

A * p = IV _ ZJ) . A >q = n D -mDA (lQ) 

A*p x = £D" — ^D'; A»q 1 = v D" — Y !l DiJ 

and A = j 7l — fa, (17) 

16 
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we get, by applying successively the above formulae to the surfaces (/$i) 
and ($2), 

A' = -V£, *" = — */'&'. (18) 

Then for (/Si) : q{ = , ^ = ; hence 

A'=o, 

and for (S„) : #1' = , £" = ; hence 

Z>J = 0. 
That is, M 1 = 0, M 2 = 0, 

and consequently the lines u and » on the surfaces ($,) and (/%) are conjugate. 
This is a well-known property of the focal surfaces. 



Now 




Aj h x ' du ' 


or 




t — R\E 
1_ * Vi 


and 




Aj 8v ' i^jpj 


Similarly 


A 


_ Vfi.h 2 dB z ^ _ B % a 
B^ du " v ' A a T a 


The measures 


of total 


curvature of (/Si) and (/Sg) will be 


for (/Si) 




1 _ 1 hWG. 
o' x9 ' % dBj ' t x B\ 9l ' 
8« 


for ($), 




1 _ l AIV^ 



(19) 



pi'pa' dB, '*,.£$& 
du 

In order that any of these expressions may become zero, i. e. in order that any 
of o{, q' % , pi', P2' may become infinitely large and the focal surface may become a 
developable surface, we must have any one of the following equations : 

T!=oo, T' 2 =co, ^=00, B i =&>, p 1 =<x, p 2 =oo. 
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All of these equations show that the lines of curvature of (2) in one system or 
in both systems must be plane curves. And conversely, if (Si) or (S 2 ) be devel- 
opable surfaces, the corresponding lines of curvature must be plane curves. 

The expressions for the rotations p[ and g" give us a means of finding the 

derivatives 

dvfi dm 2 
dv ' du 

From A z lP { = £'£>{', A^ q" -— n '( D n 

we have 






or remarking that the derivatives 

i —, _ and 



VG.dv "' s/E.du 

represent the derivatives with respect to the displacements along the lines of 
curvature ds % and ds 1 , we can write 

os % i-h 2 p 1 Bi\os 1 /J 

In the same way we have 

and 9^2 _ _ r J^ , h%_ ( dR % , -\"i 

§6- 
The equations of the asymptotic lines are : 

for(^), # ^.Ip.^ + J-.^.V^.cfc^O; 

hf du p, 3* 

for(^), ^.. V ^.^.^ + -1. 8 #.V^.^ = 0. 
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By inspection we find from these equations that in order that the lines of curva- 
ture of (2) correspond to the asymptotic lines of ($,) and (S 2 ) , we must have 
simultaneously 

^i = , ^ = , (20) 

ou ov 

or *i =/(»), ® 2 = /i(«)» 

i. e. the angles between the osculating planes of the u and the v lines and the 
tangent planes to (2) must be constant. The converse is also correct. But the 

equations (20) give 

t x = GO , tt 2 = 00 , 

i. e. that the lines of curvature of (2) in both systems must be plane. 

We know all the surfaces having lines of curvature plane in both systems. 
They are the envelopes of the plane 



ax — fiy +(Wl- x % — Vtf— 1 Wl + (3*)z 
= /(«)-/(/?), 

where a and (3 are parameters of the lines of curvature. Hence we know all 
the surfaces for which the lines of curvature correspond to the asymptotic lines 
of the focal surfaces ($) and ($>). 

The equations of the asymptotic lines of (2) are 

pi p2 

In order that the asymptotic lines of (2) may correspond to those of (S^ we 
must have 

— = m . ^-f . */E . — — , 
P 1 hl * (21) 

pa pi ov J 

Now we have seen that for ($) 

J_= _i_ ^V^ 
piPa ggi ' fi ■ fifpi ' 

and from the equations (21), 

1 _ 1 3J?! *f 



*i- 



Pips pf ' 3t> 'i^ ' ^VG 
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and finally, 

„/ „/ „ „ _ (R\ Pi 



Calling -pr n 

V zi3 —^~ — XB\ 



2 



we get 



KK^=(J^y. 



This is a particular case of a theorem given by B. Cosserat* and A. Demoulin.f 
It follows at once that if we have the above relation between the radii of prin- 
cipal curvatures of (2) and (>$i) , their asymptotic lines correspond. For then 



,/ „/ 



i_ M£l 



Pi P2 "1 

and since for ($) we have 

1 _ 1 £V# 



p{p£ agi'Tx.iffp!' 
the above equation becomes 







1 


h\*SG 


P1P2 


• A} 






affij 


' t.Bipi 










3v 








and hence 














E 


. . 


„ R\ E 


1 


3.B, 




Pi 


p a 


~ h\ *i 


"*i 


dv 



VG, 

which shows that the two equations of the asymptotic lines for (2) and ($) are 
identical. 

So that we can say : if the product of four radii of principal curvatures of 
(2) and ($[) is equal to the fourth power of the fourth proportional to R lt oi and 
h lt the asymptotic lines on both surfaces correspond. And if we desire to have 
the asymptotic lines of (S^) correspond to those of (/S 2 ) , we must have 

h\ Tj p 2 du 

l dR t /Tr R\ , n VG 

pi ov hi r 2 

*E. Cosserat, C. E., vol. 118, 1894, "Sur des congruences rectilignes et sur le problem e de Eibau- 
cour. " 

tA. Demoulin, 0. E., 1894, "Sur une propriety mStrique commune a trois classes particulieres de 
congruences rectilignes." 
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Now we had 

1 __ 1 hWG- 
P1P2 dE 1 't 1 .Mlp 1 ' 
dv 

_J__J^ h\^E 
pi' P [' dR a -* 2 RI Pa ' 
du 



or ///,//_ t^^^RlBl dB 1 dB, 

Pi P» Pi ft- KihWEQ '^'~du- 



v 2 

From the first two equations 



dBi dB 2 gigg _ igf j| gi o % 
du ' dv ' s/EG ' h\h\ ' 

hence , , „ „ _ B\B\o\ 9 \ 

^^^ hjhj- ' 

or if we want to introduce the angles ■m l and t» 2 we have 

jRi 1 B % 1 

h % sin m % ' h x sin a^ 

and 

Pi Pa Pi' Pa' = i - — , , 

or again, , , ,, „ _ / 2B 1 . 2B Z 



r r r r \sin a »! sm 2 w a / 
Pip 2 pip 2 -^ ginSWigin2tV ). 



In a. way identical to that on page 126, we can prove that this relation is also 
sufficient for or characteristic of the correspondence of the asymptotic lines on 
(#) and (S 2 ). 

From the relations 



~=m 



pi p2 pi Pa : 



and , , „ „ _ RjBjplp l 

PifcPif* j^- - 

we conclude that if there exists a correspondence of the asymptotic lines on (2) 
and (Si) or ($) and (S z ), then at corresponding points both surfaces are either 
convex or of opposite curvature. For instance, if p{ > , p£ > , then p^ and 
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pjs° must be either both > or both < 0, (x = , 2). If on the contrary p{ >■ , 
o[ < , then pf" £ and $ % . 

Again for such surfaces, if (X) has its total curvature constant, (/Si) can be 
of the same kind only if 

— i& = const. 
h 

Since the equations of the asymptotic lines and the equations connecting any 
two conjugate directions du and 8u, dv and Sv, contain the same coefficients, we 
may say that when the above relations, connecting the four radii of principal 
curvature, exist, then the conjugate directions of (X) and (/Si) or of (/Si) and (8 3 ) 
correspond. 

§7. 

The equations of the lines of curvature we write in two different ways, viz. 
For ($) (calling pj, p£ the radii of principal curvature of (/Si) and (/%), 



(^l + VE )du + ^dv + ol h -^dv = 0,* 
\ou / dv Mi pi 

|L V -fi du + p o (^l du + ftcfo + ^cfo) = 0. _ 

For ($), 

^ + V(? N )cfo + ^^H-p^^^^ =0,1 
\ dv / dw ' xt 2 p 3 

*kt/G.dv + $ (jp .dv + qdu + <^du)=0. 



(22) 



(23) 



Eliminating from these four equations p? and pi, we obtain the differential equa- 
tions of the lines of curvature of (/Si) and (Sg) . 
For (,80, 



TTx \ dV "?! 

Vl-f(f+^)>* 
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and for (iS%), 

\dv / <r 2 \ du t 2 ^ 

From these equations we can see that if we want u and v to remain parameters 
of the lines of curvature on both focal surfaces ($ x ) and ($ 2 ) , we must have 
simultaneously 

°Ri _i_ ./w—r\ °R>z i _ . / a. — c\ 







du 


VJ — u 


, ^--,-v^-u. 


The first 


equation 
du 


gives 
= — VE, 






and since 


R r . 


n 








dR x 

du 


_ 1 


d*/G 

du 


r{ -du 


Again, 


T\.- 


1 ds/Gt 
~ */E' du ' 


\/E— 1 3*/ G 
r t ' du 


hence 






VG 

r\ 


du U ' 


i. e. 








ou 


The second equation g: 


ives 








3B, 

dv 


= — */G 


_ 1 
r 


ds/E s/E dr 
dv r 2 dv 


and since 


r 


1 
*/G 


dVE tn 1 dVE 

. -g — ; Vtr= .—5 — 

dv r dv 


we have 






*/E 


J^ = o 

dv 


i. e. 








S^ = 0. 



dv 
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Hence dr dr 

lh-l3u- == - qp i = 0, 

which requires either q = or p 1 = . 

If 2=0, dq = andj^O; 

dv 

if i?1 = 0, |& = _«. 1 = o and 2=0. 

era 

We excluded from consideration the cases where r or r x are equal to zero, for 
then the surface (2) would belong to the class of surfaces enumerated by Dar- 
boux (1. c. v. Ill, p. 122) and the focal surface would degenerate into a line, so 

that we have 

Pi=0 , q—0, 
i. e. p x = oo , p 2 = co , 

and we get a trivial solution of the plane. This theorem has been proved by 
Professor Craig in a somewhat different way. 

The question, can the lines of curvature of (2) correspond to those of say 
(/Si) ? has been treated by C. Guichard* in connection with the surfaces of con- 
stant total curvature. 

da 
Let us eliminate from the equations (22) and (23) -=— ; we obtain equations 

determining radii of principal curvature of (/Si) and (8%) . 
For (/Si), 



du R x p t 



"*" A, * dv ~ 



Fqt($), 

8*y i? 2 p 2 r r LV* du/\dv J fl 2 era dv J 

+ 



iW# 5^2 



7M 



* C. Guichard, " Eecherches sur les surfaces a courbure total consiante," etc. (Ann. de l'Ecole Nor- 
male, 1890). 
17 
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Calling K x and K 2 the respective total curvatures of ($) and (/S$) and H x 
and H 2 their mean curvatures, we have 



#1 



^K^tXt^hgizt^] 



hIVG.Xp 
K x = 



dR 1 






9 g^-* 

dv 

hW%.^ 



RWG. 



Rlp 2 .™fVG- 



In case the lines of curvature of (2) correspond to those of (/Si), we have 

au 

tt OV QU jr L du 



In this case we can write very simple expressions for the radii of principal cur- 
vatures. Since u and v are parameters of lines of curvature on (/Si) , we have 

„' - A - _ El hli - _ A*i 
Pl A h\ ' EB X — \ ' 

/dB x V p 

< - A - __ v^y lpl _ _ flipi aBi 

Thus we see that p[ is the fourth proportional to B x , t lt \. This property fur- 
thermore is characteristic of the surfaces. For suppose that one of the radii of 
curvature of the focal surface ($) , of the congruence of tangents to the line of 
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curvature v= const, of the surface (2), is the fourth proportional to B 1 ,r 1 , h x . 
Then for the second radius of curvature we shall have 



and this requires 



or 



or 



p2 ~ TiWG' dv ' 

(» + &)(!£ +")=•• 

ftjyg /as, , ,,,y_ n 



Therefore the necessary and sufficient condition that the lines of curvature on 
(2) and (/Si) correspond is that 



f>i = 



»i 



Consider now two surfaces (/Si) and (/Sg) such that the lines of curvature of one 
correspond to those of the other. We must have 

■#(£+"*)■]• 



as, 
a 



The first two equations give 

or t 1 ]^ 9^ 9i? 2 _ p t p 2 ffi i?| 

*/~EG' dv ' du ~~ h\hl 

and ^« = ^gpl 

which is identical with the necessary and sufficient condition that (/Si) and (JS 2 ) 
have their asymptotic lines corresponding. In case of corresponding lines of 
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curvature this is a necessary condition, but it is not sufficient, as the third equa- 
tion written above has to be satisfied. We can therefore state : if the lines of 
curvature on ($,) and ($j) correspond, the asymptotic lines correspond also, but 
not conversely. 

§8. 

For the spherical representation of an element of a curve on the focal sur- 
faces (£i) and (S 3 ) we easily obtain from the general formula : 

dal — (p M du + p[ K) dvf + (q (K) du + g[ K) dvf. 



For (ft) , = / VGdvV M f^l^)\ 

For W, = / + V^A.y + M . (V^SuV 



\ 2 / -«j pi 



p 2 ' -"l Pi 

\ Pi / -"a Ps 



Pi / -«a Ps 

These two formulae evidently do not depend on the choice of the coordinate 

lines. 

§9. 

Let us now consider the congruence of straight lines tangent to any given 
family of lines on the surface (2) . 

Suppose that the surface is given by x = / (u , v) , y=z<p(u, v), z = ^(u, v). 
The lines on the surface are given by their differential equation, from which we 

can obtain the values of -y- =K- 

ova 

Then the coordinates of the focal surface are given by 

x 1 = x + a 1 E 1 ; y 1 = y + (3 1 M l ; z 1 = z + y 1 B 1 , 

where a x , &, y x are the direction cosines of the tangents to the given curve and 

represented by 

dx . „ dx 
-r a k 



— ^ u = etc 
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R x is the focal distance and given according to Kummer, by 

r> _ _ gE'-(f + f)F' + eG' 
Ml - E'G' — F' 2 

where 

y dx da~i /. y dx dx x „ y dx dx x y dx da x 

~~ du ' du ' dv ' du du dv dv ' dv 

E' = ^(^) % , F' = 2^.~^ , G'^zi-* 1 - 
\ou / ou dv \ ov 

The fundamental coefficients of the focal surface E, F, G we obtain according 
to the formulae : 



. _ dR, „ dx , 

+ 2 -5— ! . 2 -g— . «! , etc., 
d« dw 



or 



The linear element ds x is therefore 

tf s a _ ds z + 22? do! + dR\ + 2R, [edu* + (/ + /') dudv + g 1 dv*] 

+ 2dZ4j cos 7. VE. du + cos 7 . VO. cfo } , 

where T7 - 1 v 3cc nn Tr 1 v dx 

cos V— -^ . 2a x . -g— , cos Kj = — ^-^ . 2a x . ^- . 

7 and 7j are the angles between the direction R x and the lines v = const, and 
u = const, respectively. 
It remains to express 

da\ = E' du 2 + IF' du dv + G' dv\ 

For this purpose imagine a sphere of radius 1 and through the center of it draw 
the lines parallel to the direction R x ; they will describe a certain line on the 
sphere, the coordinates of which are a x , (5 X , y x and do\ is the element of arc of 
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what is called the spherical indicatrix of the given line. Its value can be written 

up from the fact that 

da t 1 

ds K ~ h K ' 

where h K is the radius of the first curvature of the given curve and ds K is the 
element of arc of this curve given by 

dsl = E+2FK+ G-k\- 
Hence , 2 ds\ 

The expression 

edu 2 + (f + /') du dv + gdv 2 

is identically zero. For 



1,8.. OH -J 



e = J- [m^w + m'efe + eJ- (du) + F J~ (dv) 
ds K L dtt d« 

1 

<fe K VJ " v ' ' " """' du 

/ + / = -L [rn'du + m"dv + E.~ (du) + F.J- (dv) 
ds K L dv dv 

— JL (iga M + ^i,) . ^ (ds K ) + ^ + rich 

+ F.^(du) + a^(dv)-±-(Fdu+Gdv)^(ds K )], 

9 = ^- \n'du + n"dv + F~ (du) + G.J- (dv) 
ds K L dv y dv v 

_^(F<fa + 0«fo)^.(&.)], 
and hence 
ed?/ + (/ + /') <2m cfo + gdm % = - T — [du ( mdu 2 + 2m' efo* dv 

+ w» W + Ed 2 u + i^v) + cfo (ndu? + 2n'<2u d» 
+ n"dv 2 + i^ a « + GW] — d 2 s K = , 
where 

m = xJ^- — m'-2 8a: ^ m"-s ax ^ 
dw om' 5 3m dudv du dv 2 

n =X~ . — , «' = 2 — . -^- »" = 2 — — 
3w ' du 2 ' d# 3m8'w ' 3# 2 ' 3« 
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Again, p- JSdu •+- Fdv 

COS V j=~ — , 

s/E .ds K 

-rr Fdu + Gdv 
cos V 1 = — -p=L . 

V G.ds K 
Hence the linear element of the focal surface becomes 

ds? = dsl + R\ . ^ + dR\ + UR 1 . ds K . 
From this expression we see that for any coordinates u and v 

\ hi J du ' dv du dv dv ' du du ' dv ' 

If we write the above expression for cfof as follows : 

ds[* = (&, + dRtf + J%.dsl=dq*+^dsl, 

where g = s K + jRj , 

we see that s K = const. 

represents a system of geodesies on the focal surface, and 

s K + R 1 = const. 

are their orthogonal trajectories. 

Suppose the surface (2) is referred to a system of geodesic lines and their 
orthogonal trajectories ; then E=l, F=0; consider the congruence of lines 
tangent to the geodesies v = const. ; s K = u = const, will be geodesies on the 
focal surface, and since 

i _ _ aig \tg 

Ri du 



their orthogonal trajectories are 
We perceive at once that if 



u — 1 : — ~- — = const. 
du 



=/(«). 
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i. e. if our surface (2) is applicable to a surface of revolution, B 1 -\-u=zf 1 (u), and 
therefore the focal surface cannot be referred to the system of coordinates 

R 1 + s K and s K , 

for the lines 

R 1 -\- s K = const, and s K .= const. 
are identical. 

Excluding this case from consideration, we see that since 

m — -Ti tty = const. = a , 

dlgVG 

du 

by integrating we obtain 

V 6?. y= u — a, 

and without any loss of generality we can make V= 1 . Hence 

^(1= u —a 

are orthogonal trajectories of the geodesies u= const. 

In the case we have excluded from consideration we can introduce a new 

parameter, namely, 

—JL = dw, 
K 

where dw is the curvature of the geodesic v — const. Then 

dsl = d(s K + B,) 2 + Rf.dw 2 , 

and we see that the focal surface is also applicable to a surface of revolution. 
This is the well-known Weingarten's proposition. 

§10. 

We can state without proof, which is altogether similar to that given on 
page 110, etc., the following theorem: 

If the edges of regression of one system of the developable surfaces of the 
congruence of lines are such that their radii of curvature are functions of the 
corresponding focal distances, then the second focal surface is applicable to a 
surface of revolution. We can find all the isometric systems on it by simple 
quadratures, also can determine all the geodesies which can be drawn on it by 
simple quadratures. Furthermore, if for different congruences the radii of cur- 
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vature above mentioned are the same functions of the corresponding focal dis- 
tances, the second focal surfaces for these congruences are all applicable to one 
another. If the radii of curvature are functions of the arcs of the edges of 
regression, the second focal surface is a developable surface. 

We give here also without proof the formulae for direction cosines of the 
normals to the second focal surface. The proof is based upon the theorem of 
Koenigs given on page 103. Calling X % , T i} Z t these direction cosines, we have 

2 R K "*" To K Idu ' */E+2F3L + GV dv ' V E + iWk + Gtfl ' 

Y = - ^I+lf^ F+Gl dy E+Fl -i 

2 E K ^ To K Idu ' */J$+2FA+Gtf dv' VE+2FX + G2?-*' 

2 B K ' + % L du ' VF+ WZ+~G?? dv ' VE + 2F% + Gtfl ' 

Here B K is the radius of geodesic curvature of the edge of regression, p K — radius 
of principal curvature of the first focal surface, 2, = -^- is taken from the differ- 
ential equation of the lines the tangents to which we consider in the congruence, 

T* = EG — F\ 

§11. 

Here we want to state the following theorem which escaped us at the time 
of writing the above matter. Namely, on the page 114 we proved the following 
theorem : if there exists a relation 

Ai=/W, 

then the lines connecting the centers of geodesic curvature of the w-line with the 
corresponding centers of principal curvature of the v-line form a congruence of 
rays normal to a surface. These rays all lie in the tangent planes to the focal 
surface (/Si) , and therefore are all tangent- to this surface, i. e. this surface is the 
surface of the centers of the surface to which all the rays are normal. Now 
since this surface of the centers is applicable to a surface of revolution, it must 
be a Weingarten's surface, i. e. its radii of principal curvatures are functions of 
one another. 
18 
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The linear element we reduced in this case to the form 

ds'i = dvt + -~r- . du\. 

We can take v% for the radius p Vl of the surface to which the rays are normal . 

But 

v _ PdVi _ Hl-^(R[)fdR{ 
2 ~J VV^J <t>(R>) 

Hence R x = const. 

is the line of equal curvature of the above surface, and 

u x = const, 
its lines of curvature of one system. 

Again, % = s x + F x (RJ . 

If s x be a function of R t , we cannot take s x + R x and R x as the parameters 

of the coordinate lines on the surface (Sx) . 

But then as before 

ds{' = d(s x + R x f + R\ dw\ 

where dw=^. 

h x 

In this case the focal surface is applicable to a surface of revolution. 



